INDEPENDENT PERMUTATIONS AS RELATED TO A PROBLEM OF MOSER
AND A THEOREM OF POLYA bY Ashok K. Chandra e This research was supported by the National Science Foundation under grant number GJ-992. Reproduction in whole or in part is permitted for any purpose of the United States Government. Introduction Given a standard 2-dimensional tic-tat-toe board, what is the maximum number of squares that can be occupied such that no three occupied squares are in a straight line? The largest solution occupies six squares, and it is unique modulo rotation. The problem as generalized to a d-dimensional tic-tat-toe board was proposed by Moser [3] , [2] . Maximal solutions in one, two and three dimensions have the property that at least one in each case is symmetric about the center, leading one to hope that there might exist such nice" maximal solutions for all dimensions. Unfortunately, this is not true for the four dimension case.
It is shown that any maximal solution in 4 dimensions has 43 nodes, and the center node is not occupied, i.e., it cannot be symmetric about the center,,
Some Results for Two and Three Dimensions
The following results can be easily verified, and are stated without proof.
(1) The unique solution for F(2) occupies all four side nodes and two opposite corner nodes.
There are five solutions for a two-dimensional board with 5 occupied nodes (modulo rotation and mirror image). These are shown in Figure 2 , and will subsequently be referred to as a , b , c , d , e .
(2) For a three-dimensional board, the unique best solution has 16 nodes distributed 6, 4, 6 in the three parallel planes (along major axes) as presented in Figure 1 .
c Figure 1 The 16-node solution in three dimensions. The five-node solutions in two dimensions. 
3.
The Proof of F (4) 5 43 A 4-D board is represented by a tableau of 9 planes each containing nine points. The planes will be referred to as A,B,...,I as below.
A B C D E F G H I

c I I
A will represent the number of occupied nodes in A , etc. In addition, implicit use will be made of the symmetries of the problem.
Points in a plane will be referred to by adjectives "center", "side", and "corner". Also, planes A,C ,G and I will be called corner-planes, . .
etc. "Mid row" refers to D, E, F , similarly for "mid col", etc.
\Mid row\ obviously means the number of occupied nodes in the middle row, and so on. dimensions. These problems are also related to the problem of placing n noncapturing superqueens (chess queens with wrap around capability) on an nxn board. As a special case of this treatment we get Pblya's theorem that n superqueens can be placed on an nxn board if and only if n is not a multiple of 2 or 3 .
Introduction
A chess queen is a piece that can move horizontally, vertically, or diagonally, any number of squares. We define a more powerful piece which we call a superqueen. A superqueen moves like a queen, but when it reaches an edge of the board it can wrap around to the opposite edge.
Effectively it treats the board as if it were a torus. A typical superqueen on a 7 x7 board is shown in Figure 1 . Squares marked x denote the squares the superqueen can reach in one move. We ask --for what values of n (n > 1) can n superqueens be placed on an nxn board such that no superqueen can capture another? P6lya [7] proved that 11 show that Pblya's theorem follows from-these bounds. We also introduce two other pieces even more powerful than the superqueen and mention the conditions under which n of these pieces can be placed on an nxn board such that no piece can capture another.
We also relate independent permutations to a problem posed by where k is any integer and Pl+k is defined in the obvious way, i.e., (Pl(x)+k mod n) .
where k is any integer that is prime with respect to n , and k*Pi is defined in the obvious way as being (k*Pi(x) mod n) for argument x . A direct check for additivity is trivial, but we may also observe that pl , p2
are additive because they can be obtained by permuting the previous example (of an independent, and hence additive, set). They are not independent because taking Pi to be Pl itself, i.e., (0,3,4,2,1) and P; to be (3,0,4,2,1) , and adding we get (3,3,3,4,2)
which is not a permutation. The property of additivity is an important one for independent permuations and we will take recourse to this later.
Bounds on S(n)
We are interested in the largest set of independent permutations for any domain Dn --let its size be S(n) . Some values of S(n) are given below. It follows from (3) above that for the evaluation of S(n) we need x. only consider permutations P for which P(0) = 0 .
Lower Bound
If n is a prime then the set of permutations {I,~I, 4.1, l -a , 2k.1] where k = Llw2(n)J -1 and I is the identity permutation over Dn , is obviously independent.
This construction produces an independent set of permutations for mY n by taking k = Llog2(m)J -1 where m is the smallest prime factor of n . Thus we obtain the following result. It follows from this lemma that 2d ,< n , and hence:
This upper bound is about the best nondecreasing bound one can hope for, since by the lower bound theorem it is tight when n is a prime. 
e Now, the first term on the right hand side is We can now prove the desired result. Suppose there exists a set m+l of k=T independent permutations . .
[P,, P2, . . . ,Pk] over Dn .
We wish to obtain a contradiction from this. 
O<x<n-1 --c
We now form the sum 
=o .
c
We can also form the same sum in another way. Noting that But n is odd, and CT { 0 mod n , hence A h 0 mod n . This is the desired contradiction.
Corollary. Let m be the smallest prime factor of n (n >l) .
Then if n is prime or m < 5 , then S(n) = Llog2(m)J . is an element of D 1 l and let f(n,d) denote the size of the n, largest subset S cM(n,d) containing no n collinear points.
Obviously, f(n,l) = n-l , and f(n,d+l) 5 nf(n,d) , so that * Furthermore, the number of ways in which n superqueens can be so placed * equalsthe number of permutations P over Dn such that
All arithmetic below is modulo n . And we use the words "square" (in an n xn board), "node", and "vertex" interchangeably. there is a superqueen at (x,y) . Let Q denote the set of nodes on which superqueens are placed. We define the permutation P by P(y) = -(the unique x for which (x,y)eQ) . P is a permutation because for any x there is a unique y for which (x,y)eQ . Now, the set 
